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INFINITE SERIES RELATION FROM A MODULAR
TRANSFORMATION FORMULA FOR THE
GENERALIZED EISENSTEIN SERIES

SunNce-GEUN Liv*

ABSTRACT. In 1970s, B. C. Berndt proved a transformation for-
mula for a large class of functions that includes the classical Dedekind
eta function. From this formula, he evaluated several classes of infi-
nite series and found a lot of interesting infinite series identities. In
this paper, using his formula, we find new infinite series identities.

1. Introduction and preliminaries

In 1970s, B. C. Berndt [2, 3] found a lot of infinite series identities
using a modular transformation formula for the generalized Fisenstein
series. Some of his results have been stated in the Notebooks of Ra-
manujan [7] or are generalizations of formulas of Ramanujan. Recently
he suggested that one could find more new infinite series identities using
his modular transformation formula in [3]. In fact, continuing his work,
the author derived a lot of new series relation between infinite series
[4, 5, 6]. In this paper, we obtain more infinite series identities, some of
which are compared with series relations in [2, 3].

The basic notations are as follows. For a complex w, we choose the
branch of the argument for a complex w defined by —7 < arg w < 7.
Let e(w) = ¥ and Vr = V(1) = g:is always denote a modular
transformation with ¢ > 0 for every complex 7. Let r = (ry,r2) and
h = (h1,ha) denote real vectors, and the associated vectors R and H
are defined by

R = (Ry, Ry) = (ary + crg,bry + drg)
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and

H = (Hl,HQ) = (dhl — bhg, —Chl + ahg).
Let A\ denote the characteristic function of the integers. For a real
number z, [z] denotes the greatest integer less than or equal to x and
{z} := x — [z]. For real z, y and Re(s) > 1, let

1/}(1'7?]75) = Z M

n+y>0 (n + y)s

If x is an integer and y is not an integer, then ¥(x,y,s) = ((s,{y}),
where ((s, z) is the Hurwitz zeta-function. The function ¢(x,y, s) can be
analytically continued to the entire s-plane except for a possible simple
pole at s = 1 when z is an integer. Let H = {7 € C | Im(7) > 0}, the
upper half-plane. For 7 € H and an arbitrary complex numbers s, define

. o e (mhy + ((m +71)7 4+ 12)(n — h2))
A(r, 831, h) = Z Z (7= )i .
m+r1>0n—hs>0
Let
H(r,s;r,h) = A(r,s;r,h) +e(s/2) A(t, s; —r, —h).
We now state the principal theorem for our results.
THEOREM 1.1. [2]. Let Q = {7 € C | Re(7) > —d/c} and p = c{R2}
—d{R;}. Then for 7 € Q and all s,

(cr+d)"*H(Vr,s;7,h) = H(t,s; R, H)

=A(r1)e(=rih1)(cr + d)7°T(s)(=2mi) " ° (W(he,72,8) + € (s/2) Y(—ha, —12,5))
+A(R1)e(—R1H1 )T (s)(—2mi) " ° (¢(Hz2, Ra,s) + e (—s/2) (—Ha2, —R2, s))
+(2mi) " °L(7,s; R, H),

where

L(r,s; R, H)

= e(—Hi( + [Ri] — ) — Hol[Ra] + 1+ [(id + 0)/c] — d))
j=1

du,

o e—(cr+d)(j—{R1})u/c ellid+e)/ctu
/(;u e(emtdu — ¢(cHy 4+ dHs) e* — e(—Ha)
where C' is a loop beginning at 400, proceeding in the upper half-plane,
encircling the origin in the positive direction so that uw = 0 is the only
zero of
(e*@”d)u — e(cHy + dHQ)) (€% — e(—Hy))

lying “inside” the loop, and then returning to +oo in the lower half
plane. Here, we choose the branch of u® with 0 < arg u < 2.
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REMARK 1.1. Theorem 1.1 is true for 7 € ). But, after the evaluation
of L(r, s; R, H) for an integer s, it will be valid for all 7 € H by analytic
continuation.

We shall use the Bernoulli polynomials B, (x), n > 0, defined by
te®t & n
1= Z;)Bn(x)! (] < 2m).
-

t
et — n

The n-th Bernoulli number B, n > 0, is defined by B,, = B,(0). Put
B,(z) = Bp({z}), n > 0. Recall that Ba,4+1 = 0, n > 1, and that
Bont1(1/2) =0, n > 0. The following formulas [1] are helpful ;

B,(1—2z)=(-1)"B,(z),

1
B, (2> =—-(1-2""B,, n>0.

We also use the Euler polynomials E,,(z), n > 0, defined by

2eTt OO n

n=0

The Euler numbers E,, are defined by
1
E, =2"F, <2) ., n>0.

Put E,(x) = E,({x}), n > 0. Recall also that Eg,.1(1/2) =0, n > 0.

2. Infinite series identities
From now on, we let V' a modular transformation corresponding to

1 -1
c 1—-c
for ¢ > 0. Put r = (r1,72/c). Then
r
Ri=r1+7r2, Ry =—n —T2+?2'
Replacing c¢r + 1 — ¢ by z, we have
1 1 1 1
Vri=—-——, 7=1— -+ -z
c cz c c
If € Q, then Re z > 0 and z € H. By Remark 1.1, we shall put
z = mi/a for a positive real number «. In this section, we consider three
cases of h = (hy, h2), i.e., h = (1/2,1/2), (1/2,0) and (0,1/2). We also
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suppose that r; and rp are integers. In this case, A(r1) = A(R1) = 1. By
Theorem 1.1, we have, for any integer m and z € H with Re z > 0,

Z"H(VT,—m;r, h) = H(r,—m; R, H) + (27i)" L(7,—m; R, H)

(2.1) + SEIEIm(—%ri)_SF(s) (=P (s,7,h)+P_(s,R,H)),
where

&, (s,7,h) :=e(—rihy)z"° (1/} (hg, %2, s) +e <§> P (—hg, —%2, s))
and

(s, R, H) i= e(~RiHy) ((Ha, Ra,5) + ¢ (=3 ) ¢~ Ha, ~Ra,s))

We need the following equations to compute equation (2.1). For r; and
r9 integers,

, B e(h1 + (VT +r2/c)(n — ha))
BT sm,h) = e(=rih) n;;o (n = ha) == (1 — e(ha + Vr(n — ha)))

e(=h1i+ (VT —ra/c)(n + h2))

(2.2) +ee(—rih) ) (n+h2)'—(1 — e(—h1 + Vr(n + h2)))

n+ha>0
and
; = e(Hi + (1 + Ro)(n — Ha))
H(r,s; R, H) = e(—R1H1) n—;Z>O (n — Hy)'=5(1 — e(Hy 4+ 7(n — Ha)))
03) R Y e O )

(n+ H2)'=s(1 —e(—H1 + 7(n + H>)))’

It is easy to see that, for x ¢ 7Z,
W(1/2,3,5) = (=12 (s, {2} /2) = ((5,{x})),
(24)  (=1/2,—z,5) = (=D 217((s, (1 = {2})/2) = ((s,1 = {=})).
If = is an integer, then
(2.5) P(£1/2,£2,8) = (=1)7(217% = 1)((s).
For Re s < 0 and 0 < z < 1([8], p. 37),

(2.6) T(s)((s, ) =

(2m)*® i sin(2mna + 71'5/2).

sin(7s) nl—s

n=1
Let Up(z) be the digamma function defined by

Uy(z) = %F(x)

For brevity, we let

(2.7) Zy(s,x):=((s,x) £{(s,1 —x)
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and let

“(nta) —(n+l-ax)

n=

for 0 <z < 1and Re s > 0. Then 34 (s, ) can be analytically continued
to an entire function.

THEOREM 2.1. Let o, 3 > 0 with a3 = w2. Then, for any integers
k, r9 and for any positive even integer c,

ot 2cos(mr2(2n+1)/c)
Z 2n_|_1 2k+1 e(a ﬂz)(2n+1)/c+1)

V2 (—g)~ 2cos(mra(2n+1)/c)
= Z 2n+1 2k+1 e(ﬁ+7rz)(2n+l)/c+1)

Gl i(_1)j+[<j+rz)/c] 3 Eu(i/Q) Bak—e(( +12)/¢) (—mi) T k),

4= vart 0(2k — 0)!

where if 7o /c is not an integer, then

_1)lra/el ” ” )
EDZED(=2k) (-B)F — (—1)2a¥)3- (—2k,{=2}) if k<0,
(8 c 1
k) = 1 T (G107 = Dlogeot (5 {2}) + (-1 + 1F) if k=0,
! ’ & *‘“'“”2(2"+1)/C +1 h e 7r7.'r2(2n+1)/c
- - r2 .
Z @ny e T U EA) nZ:O e SR>

and if ro/c is an integer, then

L(k) = (=17 =27 (=) F —a )2k + 1) if k#0,
YT (log £ — i) if k=0.
Proof. Let h = (1/2,1/2) and m = 2k in (2.1). We have from (2.2)
that
H(Vr,—2k;r h)
— (—1)n e(r2(2n+1)/(2¢)) ~ —e((1 = 1/2)(2n +1)/(2¢))
22 9 2 1(2n 1+ )P T e((1— 1/2)(2n + 1)/(20))
1) 2 e(—ra(2n +1)/(2¢) - —e((1-1/2)(2n+1)/(2¢))
2 210 4 1% 11 (1 - 1/2)(2n + 1)/(20))

Lyt N cos(mrz(2n +1)/c)
(29) _( 1) 2 Z 2n+1)2k+1(1+67ﬁi(171/z)(2n+1)/c)'

Since cis even, H; =0 (mod 1) and Hy = 1/2 (mod 1). Thus it follows
from (2.3) that
WZR2(2TL+1) +e—7rsz(2n+1)

. 92k+1
H(r,—2k;R,H) = Z (2n + 1)2kF1 (emi(l-m)@nt1)/e 1 1)

o \ritratlg2k+2 cos(mrz(2n+1)/c)
(2.10) = (-1 2 ,; (2n + 1)2FH1 (gri(i=2)@n+D)/c 4 1)
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We see that
—zuj/c o . _ n
e _1 Z B, (1 (—zu) ’
e—?% + 1 2 = c n!
elli(1=c)to)/ctu 1 i P j+o u”
ev +1 2 " c n!’
n=0
and

e [z [22L]),

C

Then, by the residue theorem,

L(r,—2k: R, H) 42( ([R2+c+{7(1_cc)+g]))
/ZE () g, (50) 0y,

m=0

7"1 +r2

S ey A Z J+[(J+7“2)/c

(211) EZ&Q“)E%§Sﬁ$V”F@4

For Re s < 0 and = ¢ Z, apply (2.4) and (2.6) to obtain that

0o () o) (£

(212) (Enyremisn Yy LT(M
2.12 = 2(£m)%e™ .
1—s

— (2n+1)

In case of s = 0, using the expansions at s = 0,
2175 =2 _2log2s + - -,
C(s,x) = % —z+ (logF(x) - ;logQF) s+,
et =1+mis+---,

we have, for = ¢ 7Z,
. 1 s 1
;%F(s) <w <2,x,s) +e <:|:§> ) (—2, —x, s))
_ (—1)ll il L

(2.13) (-1 <log cot (2 {x}) F 2m> .

Employing the expansion at s = 0,

1
[(s) =~ +7+-
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and using (2.5), we obtain that
(2.14) lin(l) D(s)(1+e ™ — 275(1 4 ™)) = 2log z — 27i.
S—>

Now put (2.9) — (2.14) in (2.1) and let z = mi/a. Then we prove the
theorem. n

If ¢ = 2 in Theorem 2.1, then, equating the real part and the imaginary
part, respectively, we obtain Theorem 4.7 in [3] and Proposition 4.5 in

[2].

THEOREM 2.2. Let o, 3 > 0 with a3 = 7. Then, for any integer k,
ro and for any positive odd integer c,

ok 2cos ((2n + 1)mra/c)
Z 2TL+1 2k+1 e(a 7rz)(2n+1)/c+1)

_(_q)2g-2k-1 P 2cos (2mnre/c)
= (=1 (=8) Z n2h+i(e(Btmizn/c 4 1)
r2

n=1

L7 i(,l)ﬂl %ZH Ee (2) Bawsre (5

) ~NC+1 k—¢
2 Ak +i—or e+ Rk,

j=1

where if ro/c is not an integer, then

G0 g)R(—2k)3_ (—2k, {22})

(= 1)Ter

n oI (—2k) 24 (—2k, {Tz}) if k<0,
Ir(k) = & 1)[T2/ ] (logcot( {£2}) — imi) + 1> 2 log(1 — e*™m2/¢)  if k=0,
k —(2n+1)wire /c o2k 1 a 27r7,n7'2/c
ro :
Z (2n + 1)2k+1 +(=)T2T Z - W E>0,

and if ro/c is an integer, then

(1) (=) 7 = (2% —1)a M2k + 1) if k#0,
IQ(]C) = (—1)"2 B . . _
T(loga+4log2—m) if k=0.

Proof. Let h = (1/2,1/2) and m = 2k in (2.1). Since ¢ is odd,
Hy = 1/2 (mod 1) and Hy = 0 (mod 1). By the similar way as we
derived equation (2.10) and (2.11), we obtain that

yritratt cos(27ran/c)

(2.15)  H(r,—2k; R, H) = (—1)"**"2 2Zn2k+1 e2mii-=n/e 4 1)
and

1< 1

Lo -2k R H) = 3 Y e (=50 + 1] - )
j=1
ok 7\ (=zu)" = [+ u
for g () S e () e
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_ (_1)r1+r2+1ﬂ_i2(_1)J
24 B 10 Boraro((j 4 1) /e
5 Z(Z!/ ) | k?zki(ffz)!)/ )(_Z)e.

(2.16)
£=0

It is easy to see that, for 0 < z < 1,
(21ﬁh6 F(S)(C(S’ {HT}) + 6*7”'5((87 1— {CL’})) — IOg(l _ e27ri{a:})

and
lim I'(s) (1 + e — 2752175 — 1)(1 + €7))
S—>

(2.18) = 2log z + 4log 2 — 2mi.
Apply (2.4)-(2.6), (2.15)—(2.18) to (2.1) and let z = 7i/a to complete
the proof. O

If c =1 and k # 0 in Theorem 2.2, then Theorem 5.6 in [3] follows.

THEOREM 2.3. Let o, 8 > 0 with a3 = 7. Then, for any integer k,
ro and for any positive even integer c,

o 1/22 2sin ((2n + 1)7r2/c)
2n+ 1 2k+2 e(a 7i)(2n+1)/c + )

— (—1)"2(=B) k" 1/22 2sin ((2n + 1)7wr2/c)
= 2n + 1 2k+2 6(B+Trz)(2n+l)/c + 1)

( e+l & it [f4ra) Zkt1 Ep (L) Eapyr—e (1E12) N k412
”Z > 02k +1—¢)! (=mi) e

+Is(k)
where if r9/c is not an integer, then

(_]_)[rz/C]JrkJrl%F(_Zk _ 1)(ﬂk+1/2 +(=1)" (_a)k+1/2)

3a(-2k—1,{2}) if k<1,
e (ﬁ*l/%(fl)”( 1/2)( ({22 }) + W1 — {22})
Ls(k) == (3 {2}~ To(z - 3 {2}) —2l0g2) if k=-1,

—(2n+1)7rzr2/c

,k 1/2 ie
IR
(2n+1)7\'w2/c

r —k—1/2 .
+(=1)"2(=p) /Z T if k>0,

and if ro/c is an integer, then

108 0 if k<0,
3(k) == 4 (_iyrase+i, )
S/l (92442 _ 1) (= @) 1/2 4 R (<2k — 1) if k> 0.
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Proof. Let z = mi/a, h = (1/2,1/2) and m = 2k + 1 in (2.1). All
details of the proof are similar to those in the proof of Theorem 2.1
except for m = —1. For 0 < = < 1, {(s,z) has the expansion at s = 1,

(2.19) (s2) = - ! -

Then, using (2.4) and (2.5), we obtain that for x ¢ Z,

(6 () ++ ()9 (-4 )

= (-1)" (o({a)) - (3 o)

—\I’Q($)+~'-

FOO(1— (x}) — Wo( 50— {x)) - 2log2)

and for z € Z,
. 1 S 1
;LH} (1/1 (2,30,3) +e (ii) P <—2, —x,s)) =0.

COROLLARY 2.4. For any integer k and for any positive even integer
c7

O]

—k—1/2 i (-1
o (Z’I’L + 1)2k+2(e(a77r7l)(2n+1)/c + 1)

o 1\e/2( a\—k—1/2 = =n"
7( 1) ( ﬁ) nz:() (2n+1)2k+2(e(,8+7ri)(2n+1)/c+1)

c c X 2k+1 j = j 1
(—1)/? )y 241 Ee(2) Bavri—e (24 35) 0 peesr)e
—o—m Y (—Ptletal Y e €22 (—mi) o + Ta(k),
j=1 £=0

8 02k +1—10)!
where
CLE (B2 4 (=1)2 (—a) /)T (—2k — 1)
ZO % if k< -1,
BE= 1 (@ - ety 2) if k=1,
L k12 (—1)6/%—6)’“/2)2 G k20
Proof. Put r3/c =1/2 in Theorem 2.3. O

For ¢ = 2, Corollary 2.4 yields Corollary 4.19 in [3].
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THEOREM 2.5. Let o, 3 > 0 with o8 = 7%. Then, for any integer k,
ro and for any positive odd integer c,

ok 1/22 2sin ((2n + 1)7wra/c)
2n+ 1 2k+2 e(a 7i)(2n+1)/c + 1)

_ rag=2h—2(_g)-k-1/2 2sin (27nr2/c)
= ( 1) 2 Z n2k+2 e(B+mi)2n/c 4 1)

22 Ee (£) Batyo—e (122

“Z( 1y Z 02k +2— 1) )(—Wi)eak_Hl/QJrh(k%

where if 7o /c is not an integer, then

(—1)lr/ R LB (—2k — 1)34 (—2k — 1,{"2})

H(=) R () P2 (—2k - 1, {72)) if k<1,
EO2E U2 ({2 )) + Wo(1 — {2})
L w{Eh - -1z - 22)
L(k) = +%(—a)_1/2(7rcot(7r{ 21+ m) if k=—

a—k—l/Qi 167(2n+1)7ri7‘2/c
2 s e

roo—2k—29—k—1/2 je*miran/e .
+(-1)"2 B Z T2ktz if k>0,
and if ro/c is an integer, then
0 if k< —1,
Li(k) = { =502 if k=—

_1re/en .
S (1 22H02) (=g oMYA (~2k — 1) if k> 0.

Proof. Let z = wi/a, h = (1/2,1/2) and m = 2k + 1 in (2.1). The
proof is similar to the proof of Theorem 2.2 besides m = —1. Employing
(2.19) and the formula

Uo(l —x) — Yo(x) = 7 cot(mz),
it follows that for = ¢ Z,
. S .
ilﬂn% (1/) (0,z,s) +e (75) P (0, —z, s)) = mcot(m{z}) + mi

and for z € Z,

lim <¢ (0,z,s) +e (—;) ¥ (0, —z, s)) = Ti.

s—1

O

If r9/c is not an integer, then Theorem 2.2 and Theorem 2.5 have the
same flavor as Theorem 5.11 and Theorem 5.12, respectively, in [3].
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We obtain more theorems from (2.1) by putting different values in
h = (hi,hg2). The proofs of these theorems can be done by the similar
methods using equations in the proofs of above theorems. Now we state
our results without details of proof.

THEOREM 2.6. Let o, 3 > 0 with a8 = 7. Then, for any integer k,
ro and for any positive even integer c,

0k Z 2 cos (2mnry/c)

n2k+1 ela—mi)2n/c + 1)

B )72 (=) 2cos (2mnry/c)
-\ Z n2k+l ,8+7'rz)2n/c )

2k+2 4
By (£) Bojgo—e (H2)
o T222k+1 o\l k—i+1 I-(k
Z ZO €|(2k+2 f) ( 7”) « + 5( )7
where if r9/c is not an integer, then
22((=B)* — (=1)2a")D(=2k) 24 (—2k, {2}) if k<0,
_ ,—2mira/c ro 27ri7‘2/c . —
AT e Ol >+( s <1 ) e
7k T2+1 —k if k 0
Z n2k+1 Z 2k+1 Zf >0,

and if o /c is an integer, then

L) = 4 @GRk i kA0,
e %logg—%m’ if k=0.

Proof. Let z =mi/a, h =(1/2,0) and m = 2k in (2.1). O

For ¢ odd, if we put h = (1/2,0), m = 2k and z = 7i/a in (2.1), then
the complex conjugate of the identity in Theorem 2.2 follows.

COROLLARY 2.7. For any integer k and for any positive even integer
C7

—k (="
ngl n2k+l(e(o¢7ﬂ'i)2n/c + 1)
S

c/2 —k )"
= (-1)?(-) > n2k+1(6((ﬁ+ﬂ'2)2n/c )

n=1

p 3~ Bel) Barsae (2 43)
c/2 2k ¢ 2k4+2-¢ 2) (ol k—l+1 g
Z Z 02k +2 — 0)! (=mi) o +Z5(k),

Ly {27 2T (DR TICR ) S kO,
T =D = )log V2 if k=0,
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Proof. Put r3/c =1/2 in Theorem 2.6. O

THEOREM 2.8. Let o, 3> 0 with a8 = w2. Then, for any integer k,
ro and for any positive even integer c,

o k12 Z 2isin (2nra/c)
n2k+2 (a—mi)2n/c + 1)

(1) —k—1/2 2isin (2mnra/c)
= ( 1 Z n2k+2 e(B+mi)2n/c + 1)

e Y B

) ¢ k—t+43/2
a@krs—or e T lo(k),

where if 79 /c is not an integer, then

2R (—1)r2aM T2 — (= )PP (=2k — 1)Z_(=2k — 1,{22}) if k< 1,

Is(k) := 20 1/Q(Z‘COt(?T{""Q}) D)+ (=1)2+ 5 (= ﬁ)l/z(icot(ﬂ{m}) -1 ifk=-1,
T 72777,717“2/0 271'277.7‘2/4:
o-k-1/2 ratl( —k—1/2 .
- ! Z n2k+e (= / Z Thektz if k=0,

and if ro/c is an integer, then

0 if k< -1,
Is(k) == q 5 (@' + (=0)"/?) if k=-1,
—(a Y2 (=) TFY (2 4+2) if k> 0.
Proof. Let z = wi/a, h =(1/2,0) and m =2k + 1 in (2.1). O

For codd, if h = (1/2,0), m = 2k+1 and z = mi/a in (2.1), then we have
the complex conjugate of the equation in Theorem 2.5. Theorem 2.6 and
Theorem 2.8 should be compared with Theorem 3.20 and Theorem 3.21
in [5], respectively.

THEOREM 2.9. Let o, 8 > 0 with a3 = 7. Then, for any integer k,
ro and for any positive integer c,

ok 2cos ((2n + 1)wra/c)
Z 2’1’L+ 2k+1 e(a 7i)(2n+1)/c _ 1)

—k 2cos ((2n + 1)wra/c)
Z 27’L—|—1 2k:+1 e(ﬁ+7rz)(2n+l)/c _ 1)

1y (_1)[”5212 Ee (1) Eare (572)

(=m)) o™+ In(k),

44 0(2k — 0)]
j=1
where if ry/c is not an integer, then
_pylra/el vy ,
S (o — (=) )P (=2k)3- (=2k, {2}) if k<o,
_nylra/el ,
Ir(k) := S if k=0,

7(2n+1)7rm"2/c (2n+1)7mr2/c

,k —k .
Z T Z Gy k>0
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and if ro/c is an integer, then

Ir(k) = (=077 (@t = (=BT )C@k+1) if k#0,
T (tog 2 - i) if k=0,

Proof. Let z =mi/a, h =(0,1/2) and m = 2k in (2.1). O

If ¢ = 1, then Theorem 2.9 yields Theorem 4.7 in [3]. If ¢ = 2 in Theorem
2.9, then we also obtain Theorem 4.7 in [3] and Proposition 4.5 in [2].

THEOREM 2.10. Let o, 3 > 0 with a3 = 7. Then, for any integer
k, r9 and for any positive integer c,

ok1/2 i 2¢sin ((2n 4+ 1)7r2/c)
o (27’L + 1)2k+2(6(a—7ri)(2n+1)/c _ 1)
ke = 2isin ((2n 4+ 1)7wr2/c)
_ k—1/2
= ( ﬁ) Z (2n + 1)2k+2(6(,{3+ﬂ'i)(2n+1)/c _ 1)

Jjtr2

1 ° [J+T2] Z E2k+1 Z(

4 €'2k+1—€)

Jj=1

)( m)e+1 k— £+1/2+18(k)7

where if 79 /c is not an integer, then

COIRI (L gykH1/2 _ gD (o — 1)3, (—2k — 1,{22}) if k < —1,
(—1)[;2/6]((_ﬁ)—1/2_a—1/2)( {rz} +\I/0 1_ {rz}

Is(k) = ?2\110()%{%})_ %_2{72} (2—21;Jg2)/ i h—
=) —(2n+1)mwiry/c n+1)wirg/c
—k—1/2 e e _ k—1/2 e@ntmina/e ‘ §
a n;o (2n + 1)26+2 +(=8)" n;() Gn 1) if k>0,

and if ro/c is an integer, then

Is(k) = 4° if k<o,
T D1 - 27 ) 0 YR (<) TRV (2k +2) if k20,

Proof. Let z =mi/a, h=(0,1/2) and m = 2k + 1 in (2.1). O

In case of ¢ even, Theorem 2.9 and Theorem 2.10 should be compared
with Theorem 2.1 and Theorem 2.3, respectively.

COROLLARY 2.11. For any integer k and for any positive integer c,

—k—1/2 Z (-~
2k+2 a—7i)(2n+1)/c _
= (2n + 1)2k+ (el )(2n+1)/ 1)
_ RN ="

= (*ﬂ) 2 Z (2n + 1)2k+2(e(ﬂ+7ri)(2n+1)/c _ 1)

T i ] 2k+1 E2k+1 ¥4 ( + l) 0 k—0+1/2
-z _ +3 E 2
Tyt e' @i e (k).

<.
[
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where
. - -1 _
—272k=24((= B2 — oF 2 (2K — 1)2 En 1)t ( 1))7%71 if k< —1,
n=0
Zs(k) == { 1((=0)"* = a'/?) if k=-1,
oo 71 n ]
3 ((—5)_k_1/2 - O‘_k_l/Q) Z (Qn(+ 1))2k+2 if k=0.
n=0
Proof. Put ro/c = 1/2 in Theorem 2.10. O

If ¢ =1 in Corollary 2.11, then Corollary 4.19 in [3] is obtained.

1]
2]
B3l

(4]

*
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